Let KG denote the group algebra of the group G over the field K and let U (KG) denote its group of units. Here without the use of a computer we give presentations for the unit groups of all group algebras KG, where the size of KG is less than 1024. As a consequence we find the minimum counterexample to the Isomorphism Problem for group algebras.
Introduction
Let KG denote the group algebra of the group G over the field K. Let U (KG) denote its group of invertible elements. For further details and background see [6] .
In [7] presentations are given for U (F 2 G), where F 2 if the Galois field with 2 elements and G is a group of order dividing 16. Using this and a result of Higman [4] and new results we provide a list of presentations of unit groups U (KG) of all group algebras KG with |KG| < 1024. This is done using algebraic techniques and without the use of a computer. The motivation for seeking these presentations is the same as Sandling's [7] : to compile data for use in formulating conjectures and testing hypotheses. For example a look at the data here shows that the Isomorphism Problem for group algebras is false and gives a minimum counterexample. In particular F 5 C 4 is isomorphic to F 5 C 2 × C 2 . These algebras of order 625 are the minimal group algebras with the property that KG ∼ = KH with G and H not isomorphic. 1 
Background
Let C n denote the cyclic group with n elements, let D n denote the dihedral group with n elements and let Q 8 denote the quaternion group with 8 elements. F p n will denote the finite field with p n elements, where p is a prime number. If R and S are rings then R ⊕ S denotes the direct sum of R and S. If G and H are groups then G × H denotes the direct product of G and H. If R is a ring then R n denotes the direct sum of n copies of R. If G is a group then G n denotes the direct product of n copies of G. If α is an element of a group ring RG then let aug(α) ∈ R denote the augmentation of α. |R| is the size of R and exp(G) is the exponent of the group G.
The following result will be used throughout:
, where p is any prime number.
, where the elements a i are in the field F p k and {x i |i = 1, . . . , p n } is a listing of the elements of
The following result appears in [4] :
If KG is a semisimple group algebra and K contains a primitive m th -root of unity, where m = exp(G) and n = |G| then KG ∼ = K n .
The Unit Groups
The Table gives the presentations of all unit groups of group algebras of order less that 1024. The cases where p > 3 and |G| < 4 are easily covered by the following remarks. For p > 3,
The first column of the Table gives the group algebra KG and the second column gives the order KG of the group algebra. The third column gives the decomposition of the group algebra as the direct sum of matrix rings over fields (in the semisimple cases) or as the direct sum of group algebras where useful in the non-semisimple cases. Column four gives the size of the unit group |U (KG)| and column five gives the structure of the unit group U (KG), either by giving the presentation or as a direct sum of known groups. Table 1 is arranged into sections, with one section being used for each of the different fields K used. Proofs for some of the commutative cases are contained in [2] and [3] and alternative proofs are included here for completeness.
2 k and has unit group C
(since the unit group has an element of order 3) and
by the Lemma or [7] . Note that for a semisimple group algebra KG with K and G finite, we have that K appears at least once as a summand in the Artin-Wedderburn decomposition. For F 2 C 3 , Maschke's Theorem applies and the unit group contains an element of order 3, so
by the Lemma or [7] . For
and there is an element of order 4, so U (F 2 C 4 ) is an abelian group of exponent 4 and order 8, so U (
For F 2 C 5 , Maschke's Theorem applies, and F 2 appears as a summand. But the unit group contains an element of order 5, so F 2 4 also appears. Thus
For F 2 D 6 , the unit group is calculated in [5] as D 12 with the following presentation. If
. F 2 C 7 is semisimple and F 2 appears as a direct summand in the decomposition. But F 2 C 7 contains an element of order 7, so F 2 3 or F 2 6 appear as direct summands. But for any α ∈ F 2 C 7 , α 8 = α, so the unit group has exponent 7.
by the Lemma or [7] . 
+ a 6 ) = 1 and (a 1 + a 3 + a 5 + a 7 ) = 0. This gives 8 2 choices for the a i , so there are 2 6 elements of order 1 or 2. Thus
3 elements of order 2) or C 8 × C 4 × C 4 (also with 2 3 elements of order 2) or C 8 × C 4 × C 2 × C 2 (with 2 4 elements of order 2) or C 8 × C 4 2 (with 2 5 elements of order 2). Next we count the number of elements of order 2 in U (
F 2 C 3 × C 3 is isomorphic to the group ring (F 2 C 3 )C 3 . By a previous result
For F 2 C 9 , note that Maschke's Theorem applies and the unit group contains an element of order 9, so F 2 C 9 ∼ = F 2 ⊕ F 2 6 ⊕ other summands. Alsox,x 3 +x and x 3 + x 6 are orthogonal central idempotents, so
Next we consider group algebras where the coefficient field is F 2 2 . F 2 2 C 1 ∼ = F 2 2 and has unit group C 3 . By the Lemma,
3 elements of order 2). Next we count the number of elements of order 2 in U ( 
Next we consider group algebras where the characteristic of the coefficient field is 3.
by [4] . For F 3 C 4 note that Maschke's Theorem applies and there is a unit of order 4, so
For F 3 C 5 note that Maschke's Theorem applies and there is a unit of order 5, so
So by a previous result it has unit group C
2 )(1 − y). For an alternative approach to F 3 k D 6 see [1] . Next we consider group algebras where the characteristic of the coefficient field is p > 3.
n − 1 then by the Proposition, F p n C 3 ∼ = F 3 p n and has unit group C
, a] = 1 where D 8 = x, y and a=x+y+xy
, a] = 1 where Q 8 = x, y and a=x+y+xy 
